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Abstract
Let q be 2m with m ≥ 1. We construct a family of dual hyperovals over GF(q) inside the 2n − 1-
dimensional projective space PG(GF(qn) × GF(qn)).
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1. Introduction
Let GF(q) be a finite field consisting of q elements, and PG(n, q) be an n-dimensional
projective space over the field GF(q).
A family of d-dimensional dual hyperovals S is a set of d-dimensional subspaces of
PG(n, q) which satisfy the following conditions:
(1) For every two distinct members X and Y of S, X ∩ Y is a projective point.
(2) For any three distinct members X1, X2 and X3 of S, the intersection X1 ∩ X2 ∩ X3
= ∅.
(3) The members of S span PG(n, q).
(4) The cardinality |S| is qd + qd−1 + · · · + q + 2.
In the characterization of the finite quadric VeroneseansV2dd in PG(d(d +3)/2, q), Thas
and Van Maldeghem [1] proved that the dual of V2dd and the dual of its nucleus subspace
C form a dual hyperoval in the case where q is even.
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In this paper, we construct a new family of dual hyperovals over GF(q) with q even.
For any GF(q)-vector space V of finite dimension, we denote as rank V the dimension
of V over the field GF(q).
We define the equivalence relation s ∼ t for s, t ∈ V − {0} if and only if there exists a
non-zero k ∈ GF(q) such that s = kt . Then, we are able to regard V −{0}/∼ as a projective
space over GF(q). From now on, we denote by PG(V ) the projective space V − {0}/∼,
and we denote by [α] the equivalence class of α in PG(V ) for any element α ∈ V − {0}.
We also denote the multiplicative group GF(q) − {0} (resp. GF(qn) − {0}) by GF(q)∗
(resp. GF(qn)∗), and the Galois group of GF(qn) over GF(q) by Gal(GF(qn)/GF(q)).
2. The construction
Lemma 1. Let m and n be positive integers with q := 2m and n ≥ 2. Let σ be a generator
of the Galois group Gal(GF(qn)/GF(q)). Then the mapping
σ − 1 : GF(qn)∗  x → xσ−1 = xσ /x ∈ GF(qn)∗
induces an injective homomorphism from GF(qn)∗/GF(q)∗ into GF(qn)∗.
Proof. It is clear that σ − 1 is a group homomorphism from GF(qn)∗ into GF(qn)∗. We
have xσ−1 = 1 ∈ GF(qn)∗ if and only if x ∈ GF(q)∗ since xσ = x . Therefore we see that
σ − 1 induces an injective homomorphism from GF(qn)∗/GF(q)∗ into GF(qn)∗.
Theorem 2. Let m, n and d be positive integers with q := 2m and d + 1 ≤ n. Let σ
be a generator of Gal(GF(qn)/GF(q)). We choose a GF(q)-vector sub-space V of rank
d + 1 in GF(qn). For [α] ∈ PG(V ), we define a d-dimensional projective subspace X[α]
in PG(GF(qn) × GF(qn)) as follows:
X[α] = {[(xα, xσα + xασ )] | [x] ∈ PG(V )}.
In PG(GF(qn) × GF(qn)), we also define a d-dimensional projective subspace X∞ as
follows:
X∞ = {[(x2, 0)] | [x] ∈ PG(V )}.
Then S := {X[α] | [α] ∈ PG(V )} ∪ {X∞} is a dual hyperoval over GF(q).
Proof. It is clear that X[α] and X∞ are d-dimensional projective subspaces in
PG(GF(qn) × GF(qn)). Let [α] and [β] be different members of PG(V ).
Then, for any point t in X[α] ∩ X[β], there exist [x] and [y] in PG(V ) such that t is
expressed in PG(GF(qn) × GF(qn)) as follows:
t = [(xα, xσα + xασ )] = [(yβ, yσβ + yβσ )].
That is, there exists an element k of GF(q)∗ such that a member of the equivalence class
of t is expressed in GF(qn) × GF(qn) as follows:
(xα, xσα + xασ ) = k(yβ, yσβ + yβσ ).
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From this equation, we have
xα = kyβ, (1)
(xα)σ = k(yβ)σ , (2)
xσ α + xασ = kyσβ + kyβσ . (3)
If we multiply (3) by ββσ , we have
xσ αββσ + xασββσ = kyσβ2βσ + kyβ(βσ )2.
From (1) and (2), we have
xσ αββσ + xασββσ = xσασ β2 + xα(βσ )2.
Hence we obtain
(xβσ − xσ β)(ασβ − αβσ ) = 0.
Since [α] and [β] are different members of PG(V ) ⊂ GF(qn)∗/GF(q)∗, and since σ −1 is
an injective homomorphism from GF(qn)∗/GF(q)∗ into GF(qn)∗ by Lemma 1, we have
ασ−1 = βσ−1; hence ασ β − αβσ = 0. Thus, we obtain xβσ − xσβ = 0, which implies
that xσ−1 = βσ−1. By Lemma 1, we have [x] = [β] in PG(V ) ⊂ GF(qn)∗/GF(q)∗.
Similarly, we also have [y] = [α] in PG(V ). Therefore, we conclude that t = X[α]∩X[β] =
[(αβ, ασβ + αβσ )].
As a consequence, we see that X[α] ∩ X[β] is a projective point. Moreover, for mutually
distinct members [α], [β] and [γ ] in PG(V ), we see that X[α] ∩ X[β] ∩ X[γ ] = ∅.
Similarly, we have X[α]∩X∞ = [(α2, 0)] in PG(GF(qn)×GF(qn)). Hence, we see that
X∞ ∩ X[α] is a projective point. Moreover, for different members [α] and [β] of PG(V ),
we see that X∞ ∩ X[α] ∩ X[β] = ∅.
Since the cardinality of PG(V ) is qd +qd−1+· · ·+1, we have |S| = qd +qd−1+· · ·+2,
and therefore we conclude that S is a dual hyperoval over GF(q).
3. Some results
Let us have q a prime power, n ≥ 2 and σ a generator of the Galois group
Gal(GF(qn)/GF(q)). We denote by Tr the trace function from GF(qn) to GF(q). The
following lemma is the additive form of Hilbert’s Theorem 90; hence we omit the
proof.
Lemma 3. Let a be an element of GF(qn). Then the equation xσ − x = a has a solution
x in GF(qn) if and only if Tr(a) = 0.
Lemma 4. Let a and t be non-zero elements in GF(qn). Then, the equation xσ t − xtσ = a
has a solution x in GF(qn) if and only if Tr((1/tσ+1)a) = 0.
Proof. We see that xσ t −xtσ = a has a solution x in GF(qn) if and only if (x/t)σ −x/t =
a/tσ+1 has a solution x/t in GF(qn). This means, by Lemma 3, that Tr((1/tσ+1)a) = 0.
The following lemma is well known. So, we omit the proof.
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Lemma 5. If we regard GF(qn) as a vector space of rank n over GF(q), then any vector
subspace H of rank n − 1 can be expressed as H = {z ∈ GF(qn) | Tr(αz) = 0}
for some non-zero α ∈ GF(qn). Let H1 := {z ∈ GF(qn) | Tr(α1z) = 0} and
H2 := {z ∈ GF(qn) | Tr(α2z) = 0} be two vector subspaces of rank n − 1. Then H1 = H2
if and only if α1 and α2 are linearly independent over GF(q).
Corollary 6. Let d and m be positive integers with d ≥ 2 and set q := 2m. Then there
exists a d-dimensional dual hyperoval in PG(2d + 1, q).
Proof. We set n = d + 1 and V = GF(2d+1) in Theorem 2. We have to show that
the members of the dual hyperoval S of Theorem 2 span PG(2d + 1, q); that is, as a
GF(q)-vector space, the members of S span GF(qd+1) × GF(qd+1). Since the members
of X∞ span {(x, 0) | x ∈ GF(qd+1)} = GF(qd+1) × {0}, we have to show that
{xσ y + xyσ | x, y ∈ GF(qd+1)} span GF(qd+1) ∼= {0} × GF(qd+1) as a GF(q)-vector
space. Since {xσ + x | x ∈ GF(qd+1)} = {z ∈ GF(qd+1) | Tr(z) = 0} by Lemma 3,
and since {z ∈ GF(qd+1) | Tr(z) = 0} is a GF(q)-vector subspace H of rank d in
GF(qd+1) by Lemma 5, we only have to show that there exists t ∈ GF(qd+1) such that
H = H1 := {z ∈ GF(qd+1) | Tr(z/tσ+1) = 0} using Lemma 4. By Lemma 5, H = H1 is
equivalent to 1/tσ+1 /∈ GF(q). If 1/tσ+1 ∈ GF(q), then tσ = α/t for some α ∈ GF(q),
and hence tσ 2 = α/(α/t) = t . However, since d + 1 ≥ 3, there exists t ∈ GF(qd+1) such
that tσ 2 = t . Therefore, there exists t such that 1/tσ+1 /∈ GF(q). This proves Corollary 6.
Corollary 7. Let d and m be positive integers with m ≥ 2 and set q := 2m. Then there
exists a d-dimensional dual hyperoval in PG(d(d + 3)/2, q).
Proof. Let e0, e1, . . . , ed be mutually distinct positive integers which satisfy the condition
that the members of {ei + e j | 0 ≤ i < j ≤ d} are also different. Let GF(q)[x] be a
polynomial ring of one variable x . We choose an integer n sufficiently large that n > ei +e j
for 0 ≤ i < j ≤ d and choose an irreducible polynomial f (x) of degree n over GF(q)
such that GF(qn) ∼= GF(q)[x]/( f (x)). Let V be a GF(q)-vector subspace of GF(qn)
with the basis {xe0, xe1, . . . , xed } in GF(q)[x]/( f (x)). Then, it is clear that xei xe j for
0 ≤ i < j ≤ d are also linearly independent over GF(q) according to the definitions
of e0, e1, . . . , ed and n. Since (xei xe j , xeiσ xe j + xei xe j σ ) ∈ GF(qn) × GF(qn) for
0 ≤ i < j ≤ d are linearly independent over GF(q), the dimension of the ambient space
of the dual hyperoval S in Theorem 2 is greater than or equal to d(d + 3)/2. Therefore, by
the result of Yoshiara [2], we conclude that S is a dual hyperoval in PG(d(d + 3)/2, q).
Proposition 8. Let V be as in Theorem 2 and [α], [β] and [γ ] be collinear points in
PG(V ) such that [β] = [γ ]. Then X[α] ⊂ 〈X[β], X[γ ]〉.
Proof. Since there exist s and t in GF(q) such that α = sβ + tγ , we have
(xα, xσα + xασ ) = s(xβ, xσβ + xβσ ) + t (xγ, xσ γ + xγ σ )
for any x ∈ V , which implies that X[α] ⊂ 〈X[β], X[γ ]〉.
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